We examine the conformal equivalence between the f (R) gravity and the interacting dark sector model. We review the well-known result that the conformal transformation physically corresponds to the mass dilation which marks the strength of interaction between dark sectors. Instead of modeling f(R) gravity in the Jordan frame, we construct the f (R) gravity in terms of mass dilation function in the Einstein frame. We find that the condition to keep f (R) gravity consistent with CMB observations ensures the energy flow from dark energy to dark matter in the corresponding interacting model, which meets the requirement to alleviate the coincidence problem in the Einstein framework.
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I. INTRODUCTION
There are concordance pictures indicating that our universe is experiencing an accelerated expansion. This acceleration is believed to be driven by a yet unknown dark energy (DE) in the framework of Einstein gravity. The leading interpretation of such a DE is the cosmological constant. However the cosmological constant falls far below the value predicted by any sensible quantum field theory and it unavoidably leads to the coincidence problem, namely, why are the vacuum and matter energy densities of precisely the same order today?.
Considering that DE and dark matter (DM) contribute significant fractions of the contents of the universe, it is natural, in the framework of field theory, to consider the interaction between them. The possibility that DE and DM can interact has been studied extensively recently [1] - [27] . It has been shown that the coupling between DE and DM can provide a mechanism to alleviate the coincidence problem [2] - [6] [16] [17] . Complementary Observational signatures of the interaction between DE and DM have been obtained from the cosmic expansion history by using the WMAP, SNIa, BAO and SDSS data etc [14] - [19] as well as the growth of cosmic structure [21] - [27] .
Another possible way to explain the acceleration of the universe is to modify Einstein gravity. One of the attempts is called the f (R) gravity, in which the Lagrange density f is an arbitrary function of R [28] - [31] . f (R) gravity is considered as the simplest modification of Einstein's general relativity. However, it is quite nontrivial to construct a viable f (R) model satisfying both cosmological and local gravity constraints [32] - [43] . It is possible to transform the action of f (R) gravity from the original Jordan frame to the Einstein frame by using conformal transformations [41] . The f (R) gravity turns out to be conformally equivalent to an interacting model of DE and DM. In the Einstein frame, the model does not possess a standard matter-dominated epoch as in the Jordan frame, but contains the coupling between the canonical scalar field to the non-relativistic matter.
In this work we will further illustrate the well-known result of conformal equivalence between the f (R) gravity and the model of interacting dark sectors which is addressed in many papers [41, 42] . We will construct the f (R) models in terms of the mass dilation rate which describes the strength of the interaction between dark sectors. With the coupling strength, it is easy to construct the viable f (R) model realizing a reasonable cosmic expansion history. Furthermore, we will show that the condition that f (R) gravity avoids the short-timescale instability and maintains the agreement with CMB is exactly equivalent to the requirement of an energy flow from DE to DM in the interaction model to ensure the minimization of the coincidence problem in the Einstein frame [16] [17] .
In the following section we will first present the general formalism of f (R) gravity and its conformal description in the Einstein frame. We will relate the conformal transformation to the concept of mass dilation function Γ. In section III, we apply the conformal discussion to cosmology. We show again the equivalence between the f (R) gravity and the conformal viable cosmological model of interaction between dark sectors and we also go back to the Jordan frame to check the consistency. In the last section we present our summary and discussion.
II. F(R) GRAVITY AND CONFORMAL TRANSFORMATION
We start with the 4-dimensional action in f (R) gravity in the Jordan frame
where R is the Ricci scalar, κ 2 = 8πG, and L (m) is the matter Lagrangian. Variation with respect to the metric g µν yields the field equation
where F = ∂f ∂R . When f (R) = R, the above equation is just the Einstein equation. The field equation can be rewritten in the form (4) we can recast the field equation into [41] 
It is possible to discuss the f (R) gravity in the Einstein frame under the conformal transformation [44] 
where Ω 2 is a positive defined conformal factor and a tilde represents quantities in the Einstein frame.
As explained in the appendix, the Einstein tensor G µν transforms into
where ω = ln Ω. The effective energy-momentum tensor T (e) µν transforms as
and the matter energy-momentum tensor T
There might be an infinite set of representations of physics induced by the conformal transformations due to the ambiguities of Ω 2 [45] . However, these representations represent the same physics since they have the same root in the original Jordan frame which can be seen by doing the inverse transformation. The conformal transformation Ω 2 can be considered as an extra freedom in presenting physics. If we take Ω 2 = F to fix the freedom associated with the conformal mapping, any modification to the standard gravity in the Jordan frame can have a certain map in the conformal transformation.
Substituting Eqs. (7)- (9) into Eq.(5), we havẽ
Defining a scalar field ϕ as ln F = κ 2 3 ϕ, the energymomentum tensor for the scalar field reads
where the potential V = F R−f 2κ 2 F 2 . From the energymomentum tensor, we can obtain the Lagrangian density of the field ϕ
The kinetic term K = − 1 2g µν∇ µ ϕ∇ ν ϕ should be positive, which requires
meaning that∇ ν ϕ is a time-like vector. The Einstein equation can be rewritten as,
This result can also be obtained by conformally transforming the action Eq (1) and then doing the variation [41] . The equation of motion for matter field in the Einstein frame is given bỹ
Recall that∇ µ ϕ is time-like and so does∇ µ ln F . From the discussion in the appendix, we know that∇ µ ln F relates to the dilation function Γ =
where (
) µ is the normalized four velocity which is parallel to∇ µ ln F . If Γ = 0, F = 1 and f (R) = R+Constant. Thus the mass dilation function Γ reflects the deviation of the f (R) gravity from the Einstein gravity.
In the following discussion, we will show that the f (R) gravity can be specified by using the mass dilation Γ. From Eq. (53), the Ricci scalar curvature R can be obtained as
Employing Eq.(10) and substituting (17), we get
(18) Taking the derivative of Eq. (18), noting∇ µ f = F∇ µ R and considering Eq. (17), we have
Noting Eq. (16), Eq. (19) now can be rewritten as,
For Γ = 0, this is just the equation in Einstein gravity. In Eq. (20),
) σ is the expansion function satisfying the Raychaudhuri equation 
) ν is the projection operator.
Taking 3 + 1 decomposition of Eq. (20), the time-like part reads,
and the spatial part is
From the above two equations, it is clear that the dilation function Γ marks the deviation of the f (R) gravity from the Einstein gravity. Once the dilation function is specified, f (R) gravity can be completely constructed. In the next section, we will apply this formalism to describe the late time acceleration in cosmology.
III. LATE TIME ACCELERATION IN f (R) GRAVITY
A. The Einstein frame
In the Einstein frame, the flat Friedmann-RobertsonWalker (FRW) line element reads
The expansion observed by the comoving observer isθ = 3H, where the Hubble parameterH is defined byH = dã dt /ã. For the perfect fluid and the comoving observer, we haveσ µν =ω µν =Ã τ = 0, so that Eq. (21) reduces to
where we have neglected the pressure of the matter so thatT (m) = −ρ m . After the conformal transformation, the mass is no longer conserved. It satisfies the continuity equation
From the relation between F and Γ and expressing F into ϕ, we have the continuity equation for the scalar field
For a homogeneous universe, Eq. (24) is automatically satisfied. Once the dilation function is specified, we can explore the expansion history of the universe in the Einstein frame by solving Eqs. (26)- (29) with proper boundary conditions. Before proceeding, we discuss the intrinsic consistency of the formalism described above with the usual interacting model with a scalar field. From Eq. (18), f can be obtained in terms of Γ
where ln F = κ 2 3 ϕ has been employed. Furthermore, from Eq. (17), we have
Noting
which is exactly the Friedmann equation if we define energy density and the pressure of the scalar field as
where
If the scalar field plays the role of DE in the Einstein frame, its continuity equation reads 
The analysis above shows that, in the Einstein frame, the f (R) cosmology is conformally equivalent to the model of interaction between dark sectors. There is a freedom in choosing the coupling strength Γ. However, it must be consistent with the viability condition of the f (R) gravity.
A viable f (R) model must pass the stringent local test, which requires that in the dense region the model should go back to the standard Einstein gravity, limR −→∞ Γ = 0. On the other hand, in the lower dense region f (R) gravity should have enough deviation from the Einstein gravity to achieve the late time acceleration of the universe. However, in the vacuum, the dilation should not go to infinity, limR −→0 Γ < ∞. In Eq. (63), Γ is defined as the dilation rate of the mass of test particles in gravitational fields. To satisfy the weak equivalent principle, Γ should be independent of the species of matter [46] . One natural choice of the Γ form is to consider it as a geometris quantity, a function ofR. There is quite a wide range of the choice for Γ which can satisfy limR −→∞ Γ = 0 and limR −→0 Γ < ∞ to pass the local test and have reasonable expansion history. In this work, we only present one of the most simplest choices. We take Γ as
which satisfies limR −→∞ Γ = 0 and limR −→0 Γ = α β where α and β are constants.
With the specified Γ, we can obtain the evolution of the universe by solving Eqs. (26)- (29) We see that in the early universe, when the f (R) gravity boils down to Einstein gravity, the dilation Γ disappears. It becomes nonzero only when the theory deviates from the Einstein gravity. The larger the deviation, the bigger shall be Γ. In the language of the interacting model, we see that the strength of the interaction becomes stronger in the late time universe, while in the early time, DE and DM evolves independently, which provides a mechanism to recover the standard radiation and matter dominated phase in the universe expansion history.
B. The Jordan frame
In order to further examine the consistency between the f (R) gravity and the model of interaction between dark sectors, let's go back to the Jordan frame. Noting that dt = Ωdt, , dr = Ωdr, ,ã = Ωa,
the Hubble expansion in the Jordan frame reads,
and
Employing Eq.(32), the Friedmann equation in the Jordan frame becomes
where ρ m = F 2ρ m and the Ricci scalar field R reads
The dot denotes the derivative with respect to t. The above Friedmann equation can also be derived directly from Eq. (2). The Friedmann equation Eq. (41) can be recast into the form
where E = (43) goes back to the result obtained in [47] .
The background expansion E can be parameterized as However this E cannot fully fix the f (R) model. The f (R) model has an external choice of the f form which satisfies the differential equation of Eq (43) . However, the boundary conditions for y, y ′ are not completely free because a viable f (R) model should pass the local test
which puts constraints on y 0 and y ′ 0 . There is a freedom in f (R) models, which can be represented by a dimensionless quantity [47] 
The quantity B relates to Γ in the form
From Eq (45), B satisfies lim R→∞ B → 0, which imposes the constraint
The evolution of B is not entirely free. Only the boundary value B 0 is a free parameter, which characterizes the f (R) model [47] .
In the cosmological scale, it was argued that the f (R) gravity can reduce to the large-scale CMB anisotropy and avoid the high curvature instability only when B > 0 [47] . Considering the Hubble expansion Eq. (39), we can use the inverse conformal transformation to get H and in combination with Eq. (44), we can figure out the effective DE equation of state w . Similarly, using the inverse map of the conformal transformation, we can obtain other quantities in the Jordan frame from the Einstein frame. The numerical results are shown in Fig.2 . From the results, we find that w > −1 and this ensures H ′ < 0. Thus from Eq (47) we learn that the condition B > 0 leads to Γ > 0. This is an interesting observation, since it shows that the viability condition of the f (R) gravity in the cosmological scale in Jordan frame urges the coupling between dark sectors to be positive in Einstein frame. From Eq (28), the positive coupling indicates that the energy flows from DE to DM, which is the requirement to diminish the coincidence problem [16] [17] . Thus the viable f (R) gravity in the cosmological scale has a predisposition to alleviate the coincidence problem in the conformal theory of interaction between dark sectors.
IV. CONCLUSIONS
In this paper, we have examined the conformal equivalence between the f (R) gravity and the interacting dark sector model in the Einstein frame. We construct the f (R) model in terms of the mass dilation. Once the dilation function is known, the f (R) gravity can be constructed. Studying cosmology in the Einstein frame, the f (R) gravity is conformally equivalent to the interacting model. The strength of the interaction marks the deviation of the f (R) gravity from the Einstein gravity. In the earlier time of the universe, there is no interaction in the dark sector in the Einstein frame and the f (R) gravity returns to the Einstein gravity. In the later epoch the interaction becomes stronger and the deviation of the f (R) gravity from the Einstein theory is larger. More interestingly we found that the condition that the f (R) gravity agrees with the CMB observation requires the energy to flow from DE to DM in the corresponding interacting model. This is actually consistent with the requirement to alleviate the coincidence problem in the Einstein framework. This further shows the equivalence between the f (R) gravity and the interaction model.
V. APPENDIX
A.
Conformal transformation
We briefly summarize the basic properties of conformal transformation. The metric changes
The difference of the covariant derivative between ∇ µ and∇ µ is characterized by C τ µν ,
where A ν is an arbitrary vector and C τ µν is given by
where ω = ln Ω. For the scalar field ϕ, the transformation with second order derivative satisfies
(51) The conformal transformation for the Ricci tensor obeys
where˜ =g µν∇ µ∇ν . The scalar Ricci curvature reads
The differential operator d does not change under such transformation, d =d. If d acts on a scalar field f , we find that
B. Physical interpretation of the conformal transformation
The conformal transformation rescales the basic units used in the original frame [44] .
where dr,dt denote the space and time separation. Although the conformal factor Ω is arbitrary, the basic physics does not change under the conformal transformation. The equation of motion under such a transformation becomes
whereT µν ≡g µτgνσT τ σ , T µν ≡ g µτ g νσ T τ σ and
We have used Eq.(D.20) in the appendix of [48] in deriving (56). For a single particle, Eq (56) reduces tõ The f (R) cosmology in Jordan frame obtain from the models in Einstein frame by using the inverse conformal transformatioñ m∂ ν ln Ω is the interaction vector which can be either timelike or spacelike. However, in this work, we only focus on the case when∂ ν ln Ω is timelike, because the interaction induced by modified gravity is always in this case Eq (13) .
Eq (58) is consistent with the well-established physics, if comparing with the equation of motion of particles with varying mass in general relativity [17, 49] 
Contracting the above equation with ( ∂ ∂t ) ν , we arrive at We can introduce a scalar field Γ which satisfies
This Γ can be rewritten as
which clearly indicates the mass dilation rate due to the conformal transformation. In order to see more clearly on the physical meaning of Γ, we take the 3+1 decomposition of Eq. (59) are Lorentz boot factors,ṽ i = dx i /ds is three velocity observed bỹ Z µ . The mass dilation will introduce some external terms on the right hand side of the equation of motion. The spatial partγ t Γmṽ i t is an external three force induced by the energy (mass) change in the test particle. This effect is well known as "Doppler effect" induced by the "inertia of energy". However, in cosmology,γ t Γmṽ i t is usually called the fifth force. The fifth forceγ t Γmṽ i t depends on the choice of the observer. For instance, if we take the observerZ µ = ( ∂ ∂s ) µ parallel to∂ ν ln Ω,γ t Γmṽ i t completely vanishes. However, the local energyẼ is not conserved if the interaction is induced by gravity. This is because the energy is not localized in the gravitational field. The local measurement of energyẼ depends on the spacetime. Thus the effect of the timelike part always exists and the interaction vector∂ ν ln Ω is necessarily timelike. The mass dilation is a dominated effect due to the fact thatṽ i t << 1. Comparing with the timelike part effect, the spacelike fifth force can be neglected.
Moreover, if the dilation rate Γ is independent of the species of matter, the equation of motion is only determined by geometry, which means that the weak equivalence principle still holds [46] .
